ON SPLITTING THEOREMS FOR CAT(O) SPACES AND 
COMPACT GEODESIC SPACES OF NON-POSITIVE 
CURVATURE 



TETSUYA HOSAKA 

Abstract. In this paper, we show some splitting theorems for CAT(O) spaces 
on which a product group acts geometrically and we obtain a splitting theorem 
for compact geodesic spaces of non-positive curvature. A CAT(O) group F is 
said to be rigid, if T determines its boundary up to homeomorphisms of a 
CAT(O) space on which T acts geometrically. C. Croke and B. Kleiner have 
constructed a non-rigid CAT(O) group. As an application of the splitting 
theorems for CAT(O) spaces, we obtain that if Ti and T2 are rigid CAT(O) 
groups then so is Ti X T2. 



1. Introduction and preliminaries 

The purpose of this paper is to show some splitting theorems for CAT(O) spaces 
on which a product group acts geometrically (i.e. properly and cocompactly by 
isometries). As applications, we obtain a splitting theorem for compact geodesic 
spaces of non-positive curvature and rigidity of the product of rigid CAT(O) groups. 

On splitting theorems for spaces of non-positive curvature, we can find historical 
research in [3], [7], [33], [33] and [32]. 

After some preliminaries on CAT(O) spaces and their boundaries in Section 2, 
we first show the following splitting theorem by a similar argument to the proof of 
[3] Proposition II. 6. 23] in Section 3. 

Theorem 1. Suppose that a group T — Ti x T2 acts geometrically on a CAT(O) 
space X. IfTi acts cocompactly on the convex hull C(riXo) of some Ti-orbit, then 
there exists a closed, convex, T -invariant, quasi-dense subspace X' C X such that 
X' splits as a product X\ x X2, T\ naturally acts geometrically on X\, and T2 acts 
geometrically on X2 by projection. Here each subspace of the form X\ x {X2} is the 
closed convex hull of some T\-orbit. 

Here we define the induced action by projection in Section 2. 

From Theorem Q] we obtain the following splitting theorem which corresponds 
to [3J Theorem II. 6. 21]. (N. Monod [321 Corollary 10] independently has proved the 
generalization of this splitting theorem.) 

Theorem 2. Suppose that a group T — T\ x I^ acts geometrically on a CAT(O) 
space X . If the center ofT is finite, then there exists a closed, convex, T -invariant, 
quasi-dense subspace X' C X such that X 1 splits as a product X\ x X2 and the 
action ofT = T\ x T2 on X' = X\ x X2 is the product action. 
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In P3] and [12], some splitting theorems for Hadamard manifolds and CAT(O) 
spaces have been proved. In their splitting theorems [HI Theorem 1] and [T2J 
Corollary 10] and also in Theorem [5J the assumption "there is not a T-fixed point 
in dX v in [14] Theorem 1] and [12j Corollary 10] and the assumption "the center 
of r is finite" in Theorem [2] are very important, and in these cases, the action does 
split. Here we note that in the case a group T acts geometrically on a CAT(O) 
space X, r has finite center if and only if there is not a T-fixed point in dX (cf. 
Lemma HQ]) . 

For example, it is kown that every Coxeter group is a CAT(O) group whose center 
is finite. 

In Section 4, we prove the following splitting theorem which is the main theorem 
in this paper and in which we do not need the assumption that "there is not a 
T-fixed point in dX" and that "the center of T is finite" . 

Theorem 3. Suppose that a group T — Ti x r 2 acts geometrically on a CAT(O) 
space X. Then there exist finite-index subgroups G\ and G2 ofTi and r 2 respec- 
tively and there exist closed convex subspaces X\ , X2 , X[ , X' 2 in X such that 

(1) X\ x X' 2 is a closed convex Ti x G2-invariant quasi-dense subspace of X, 

(2) X[ x X2 is a closed convex G\ x T2-invariant quasi-dense subspace of X, 

(3) X[ and X' 2 are isometric to some quasi-dense subspaces of X\ and X 2 
respectively, 

(4) there exist geometric actions of Ti and T 2 on X\ and X 2 respectively, and 

(5) there exist geometric actions of G\ and G2 on X[ and X' 2 respectively. 

Hence the boundary dX of X is homeomorphic to the join dX\ * 8X2 of the bound- 
aries of X\ and X2 ■ 

In this splitting theorem, the center of T need not be finite and also we do not 
need the assumption that there is not a T-fixed point in dX. On the other hand, 
the action does not split in general. For example, the geometric action of T = Z x Z 
on X = K x R defined by (a, b) ■ (x,y) = (a + x,a + b + y) for (a, 6) 6 Z x Z and 
(x,y) elxl does not split (of course, the CAT(O) space X splits). 

A CAT(O) space X is said to have the geodesic extension property, if every 
geodesic can be extended to a geodesic line K — 5- X. On CAT(O) spaces with 
the geodesic extension property, we obtain the following splitting theorem as an 
application of Theorem |3] 

Theorem 4. Suppose that a group T = Ti x T2 acts geometrically on a CAT(O) 
space X with the geodesic extension property. Then X splits as a product X\ x 
X2 and there exist geometric actions of Ti and T2 on X\ and X2, respectively. 
Moreover if T has finite center, then T preserves the splitting, i.e., the action of 
r = Ti x T2 on X = X\ x X2 is the product action. 

In Section 5, we study products of CAT(O) groups. A group T is called a CAT(O) 
group, if T acts geometrically on some CAT(O) space. 
Theorem [3] implies the following. 

Theorem 5. Ti and T 2 are CAT(O) groups if and only if T\ x T 2 is a CAT(O) 
group. 

In [5], C. Croke and B. Kleiner have proved that there exists a CAT(O) group 
r and CAT(O) spaces X and Y such that T acts geometrically on X and Y and 
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the boundaries of A and Y are not homeomorphic. On CAT(O) groups and their 
boundaries, it is an important open problem when does a CAT(O) group determine 
its boundary up to homeomorphisms. A CAT(O) group T is said to be rigid, if F 
determines its boundary up to homeomorphisms of a CAT(O) space on which T acts 
geometrically. Then we denote the boundary of the rigid CAT(O) group T by dT. 

A conclusion in (3J Theorem II. 7.1] and [2] implies that if T is a rigid CAT(O) 
group, then T x 7L n is also a rigid CAT(O) group for each n G N. In [13], K. Ruane 
has proved that if Ti x r 2 is a CAT(O) group and if Ti and r 2 are hyperbolic 
groups (in the sense of Gromov) then Ti x r 2 is rigid. On rigidity of products 
of rigid CAT(O) groups, we obtain the following theorem from Theorem [3] as a 
generalization of these results. 

Theorem 6. IfT± and r 2 are rigid C'AT(O) groups, then so is Fi x r 2 , and the 
boundary d(Ti x F 2 ) is homeomorphic to the join dTi * <9F 2 of the boundaries of 
Ti and T 2 - 

2. Lemmas on CAT(O) spaces and their boundaries 

In this section, we introduce some properties of CAT(O) spaces and their bound- 
aries and show some lemmas needed later. 

Definitions and details of CAT(O) spaces and their boundaries are found in [3] 
and [6]. A geometric action on a CAT(O) space is an action by isometries which 
is proper ([3j p. 131]) and cocompact. We note that every CAT(O) space on which 
some group acts geometrically is a proper space ([3j p. 132]). 

Let A be a metric space and let 7 be an isometry of A. Then the translation 
length of 7 is defined as I7I = ini{d(x,"fx) \ x G A}, and the minimal set of 7 is 
defined as Min(7) = {x G X \ d(x,-fx) = \"f\}- If T is a group acting by isometries 
on A, then Min(T) := H 7 er Min(7). An isometry 7 is said to be semi-simple if 
Min(7) is non-empty. 

Also an isometry 7 of a metric space A is called 

(1) elliptic if 7 has a fixed point, 

(2) hyperbolic if 7 is semi-simple and not elliptic, and 

(3) parabolic if 7 is not semi-simple. 

Now we define induced actions by projection. 

Definition 2.1. Suppose that a group r = Ti x T2 acts geometrically on a CAT(O) 
space A = Ai x A 2 . In general, the action does not split. Let p\ : X\ x A 2 — » X\ 
be the projection. We can define an action "*" of Y\ on X\ by 71 * x\ — p\{j\ ■ x\) 
for 71 G Li and x\ G X\ (cf. [2]), where "•" is the original action of L on A. Then 
we say that the action "*" of Ti on X\ is the induced action by the projection of 
the action 

In this paper, we often say that Y\ acts geometrically on X\ by projection, if the 
induced action of Y\ on X\ by the projection of the original action of L on A is 
geometric. 

Also, in this paper, we often say that Li acts geometrically on X\ by restriction, 
if Fi acts geometrically on X\ by the restriction of the original action of F on A 
(hence, in such a case, X\ is Ti -invariant). 

The following theorem is called the Flat Torus Theorem (cf. [I], [21 Proposi- 
tion 1.1], [3J Theorem II.7.1]). 
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Theorem 2.2 ([3] Theorem II. 7.1]). Let G be a group and let A be a free abelian 
group of rank n. Suppose that T = G x A acts geometrically on a CAT(O) space X. 
Then 

(1) Min(A) = HaeA Min(a) is a closed, convex, T -invariant, quasi-dense sub- 
space of X that splits as a product Y x Z, where Z is isometric to R™, 

(2) G acts geometrically on Y by projection, and 

(3) A acts geometrically on Z by restriction (moreover, Z is the convex hull of 
some orbit Axo of X). 

Here a subset X' of a metric space X is said to be quasi- dense if there exists 
a number N > such that each point of X is iV-close to some point of X' , i.e., 
B(X',N) = X. 

Some results on 'T-invariant quasi-dense subspace" in this paper relate to [TJ 
Corollary 2.7] and [4]. 

We show some lemmas needed later. 

Lemma 2.3. Let 7 be a parabolic isometry of a proper cocompact CAT(O) space 
X . Then there exists a non- fixed point a £ dX 0/7. 

Proof. Let 7 be a parabolic isometry of a proper cocompact CAT(O) space X. 
Then the isometry 7 of X induces a homeomorphism of the boundary dX (cf. [3j 
Corollary II.8.9]). We suppose that the induced homeomorphism 7 : dX — > dX is 
the identity. 

Since 7 is a parabolic isometry, Min(7) is the empty set. Hence X is non-compact 
and dX is non-empty. This means that there exists a geodesic ray in X. Since X 
is cocompact, there exists a geodesic line o\ : K — » X by [3] Lemma II. 9. 34]. Let 
Y\ be the union of the images of all geodesic lines parallel to a± . For each geodesic 
line t parallel to <7i, by hypothesis, 7t(oo) = r(oo) and 7t(— 00) = r(— 00). Hence 
7T is also parallel to <j\ by the Flat Strip Theorem [3J Theorem II. 2. 13]. Thus Y\ 
is 7-invariant. By [3] Theorem II. 2. 14], Y\ is isometric to X\ x R for some convex 
subspace X\ C Y\. Then the restriction of 7 to Y\ = X\ x R splits as (71,71), 
where 71 and "/[ are isometries of X\ and R, respectively. Since Yi is semi-simple 
(cf. [3l Proposition II. 6. 5]) and 7 is not semi-simple, by ]3, Proposition II.6.9], 
71 is not semi-simple, i.e., 71 is a parabolic isometry. We show that the induced 
homeomorphism 71 : dX\ — > dX\ is the identity. Let £ be a geodesic ray in X\. 
Then 7^ is a geodesic ray in 7X1 and 7^(00) = £(00) because 7 is the identity of 
dX. Hence £ and 7^ are parallel and 7i£(oo) = £(00) by the definition of 71 (since 
71 is the projection on X\ of 7). Thus 71 : dXi — » dXi is the identity. 

Since "fi is a parabolic isometry, X\ is non-compact and dXi is non-empty, hence 
there exists a geodesic ray £1 in Then 

X D Y 1 = X 1 x R D Im£i x R. 

Since X is cocompact, there exists a subspace Z of X which is isometric to R 2 by 
[33 Lemma II. 9. 34]. Here we redefine cti as a geodesic line in Z, and we also redefine 
Y\ , X\ and 71 from a\ . Then there exists a geodesic line 02 in X\ . Indeed we can 
construct 02 as Im ct 2 = Z V\X\. Let F 2 be the union of the images of all geodesic 
lines parallel to cr% in X\. Here I2 is 71 -invariant and isometric to X2 x R for some 
convex subspace X2 of Y2 by [3l Theorem II. 2. 14]. Then the restriction of 71 to 
Y% = X2 x R splits as (72,72)) 72 is a parabolic isometry of X2 and the induced 
homeomorphism 72 of 9X 2 is the identity. 
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By iterating this argument, for any n G N, there exists a sequence 

X D Yi = Xi x M D Y 2 x M = X 2 x R 2 
D Y 3 x M 2 = X 3 x M 3 D ■ ■ ■ D X„ x K n , 

that is, 1" C X for any n G N. However this contradicts [H Lemma II. 7.4]. Thus 
7 : — > dX is not the identity, i.e., 7a 7^ a for some a G 9X. □ 

Lemma 2.4. Suppose that a group T acts geometrically on a CAT(O) space X . The 
center ofT is finite if and only if there does not exist a G dX such that Ta = a. 

Proof. We first show that if the center of T is finite then there does not exist a G dX 
such that Ta = a. 

Suppose that there exists a G dX such that Ta — a. Then we show that T has 
infinite center. Let x G X and let £ : [0, 00) — > X be the geodesic ray such that 
£(0) = x and £(00) = a. We note that <5£(oo) = £(00) for any S G T because 
Ta = a. Since the action of T on X is cocompact, TB(xq, N) = X for some N > 0. 
Then there exists a sequence {ji | i G N} C T such that d^Xo, Im£) < TV and 
7* + lj if Mi' 

Now we show that for each 8 G T, there exists a subsequence {7^ | j G N} C 
{7i i G N} such that (7i 1 7^ 1 )5 = 5(7i 1 7, 7 T 1 ) for any j G N. 

Let { £ T. Since 5£(oo) = £(00), there exists a number K§ > such that 
d(£(r), S£(r)) < Kg for any r > 0. For each i 6 N, d^iXo, < -/V for some 

r, > because d(7iXo, Im£) < iV. Then 

rf ( a; o,7 l ~ 1 ^7ia ; o) = ^(Ti^o.^Ti^o) 

< d(7ia?o,f(ri)) + d(£fo), <^(r;)) + d{5£(n),5 1% x ) 
<N + K s + d(t(ri),7iX ) 

< 2N + K S . 

Since the action of T on X is proper, {7 G T | <f(xo, 7x0) < 27V + Ks} is a finite set. 
Hence there exists a subsequence {7^ | j G N} C {7^ | i G N} such that 7 i 7 1 <!>7i j = 
j^Sji, for any j G N. Then { r yi 1 % j l )6 = S^^ 1 ) for any j G N. 

The CAT(O) group T is finitely presented (cf. [1 Theorem III.l.I(I)]). Let 
{<5i, . . . , <5„} be a generating set of T. Then by iterating the above argument, there 
exists a subsequence {gi i G N} C {ji \ i G N} such that (gig^ )Sk — (<7i <7j~ ) for 
any ieN and G {1, . . . , n}. Since . . . , 5 n } generates T, 

(.9i = %i.9, rl ) 

for any i G N and <5 G T. Here we note that gig^ 1 ^ 9^9j l if * J by ^ ne 
construction of {7^ | i G N}. Thus the center of T contains the infinite set {ffiff" 1 | i G 
N}. 

Next we show that if there does not exist a G dX such that Ta — a, then the 
center of T is finite. 

Suppose that the center Z(T) of T is infinite. Since the set {Sxo | 5 G Z(T)} is 
unbounded in X, there exists a sequence 

{S,x \i GN} C {Sx Q \S G Z(T)} 
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which converges to some point cto G dX in X U dX. Let 7 G T. Then the sequence 
{7^X0 I i G N} converges to 700- Here since 7^ = ^7, 

{7^x0 ieN} = {^o i G N} = {^y | i G N}, 

where 2/0 = 7^0 > which converges to «o hi -X" U <9X. Hence 7«o = c*o f° r an y 7 G L. 
Thus r«o = ceo- n 

3. Some splitting theorems 

We first generalize the splitting theorem [3J Proposition II. 6. 23] as follows. This 
plays a key role to prove the main results. 

Theorem 3.1. Suppose that a group V = T\ x T2 acts geometrically on a CAT(O) 
space X. IfTi acts cocompactly on the convex hull C(ria;o) of some T\-orbit, then 
there exists a closed, convex, T -invariant, quasi-dense subspace X' C X such that 

(1) X' splits as a product X% x X%, 

(2) Ti acts geometrically on X\ by restriction (moreover, each subspace of the 
form X\ x {X2} is the closed convex hull of some Yi-orbit), and 

(3) T2 acts geometrically on X2 by projection. 

Proof. We show this theorem by a similar proof to the one in [31 pp. 240-241]. 

Let E be the set of closed, convex, non-empty, Li-invariant subspaces of X, and 
let J\f be the subset of E consisting of those subspaces which are minimal with 
respect to inclusion. We note that the member of AT are disjoint and each member 
of TV is the closed convex hull C(Tix) of some Li -orbit. 

We mainly check corresponding claims in [3J pp. 240-241]. From Zorn's lemma, 
we first obtain Claim 1: J\f is non-empty. 

For C\,C2 G TV, let pi : X — »• C, denote the projection of X onto Ci and let 
d = d{C\,C2) ■— inf {d{xx, x%) \x\ G C\,x 2 G 6*2}. By [3] p. 240], we also obtain 
Claim 2: There exists a unique isometry j of C\ x [0, d] onto the convex hull of 
C\ U C2 such that j(x, 0) = x and j(x, d) = P2{x) for each x G C\. 

Let X' = [JAf. Then we check Claim 3: X 1 is a closed, convex, T-invariant, 
quasi-dense subspace of X. We note that for each x G X' there exists a unique 
member C G Af such that x € C (indeed C is the convex hull of the Li-orbit Fix). 
By [SI p. 240], we see that X' is a closed, convex, L-invariant subspace of X. We 
show that X' is quasi-dense in X. Since T acts cocompactly on X, TB(xq, N) = X 
for some £0 G X' and N > 0. Here Txo C X' because X' is T-invariant. Hence 

B(X', N) D B{Tx , N) = TB(x , N) = X. 

Thus X' is a quasi-dense subspace of X. 

Next we check Claim 4: If Gi,C%,Cz £ A/" and if pi : X — > C; denotes the 
projection onto Ci, then pi = on C2. 

Let / = P1P3P2 ' C\ — > C2 — > C3 — > Ci . Then / is an isometry of C\ by Claim 2. 
To show that p\ — p\pz on C2 , we prove that / is the identity. 

We first show that / is an elliptic isometry. Let K = d{C\,C2) + d{C2 1 Cz) + 
d{Cs,C-\). Then d(x,f(xj) < K for any x G C\. Hence for each geodesic ray ^ 
in Ci, d(£(r), f$(r)) < K for any r G [0, 00). This means that every geodesic ray 
£ in C\ is asymptotic to the geodesic ray /£. Hence the induced homeomorphism 
/ : dC\ — > 9Ci is the identity. Thus / is not parabolic isometry by Lemma l2~3l 
Now we suppose that / is a hyperbolic isometry of C\. Then there exists an axis 
ci of / in C\. Let 02 = Vio~\ and let 0-3 = p^2- Here we note that 02 and (T3 are 
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geodesic lines in C 2 and C3 respectively, and the geodesic lines <T\, a 2 and 03 are 
parallel by Claim 2. Then 

Pi 03 = = P\PzPi a \ = fvi, 

and /(Imcri) = Imci. By [31 Lemma II. 2. 15], / is the identity on Imai. This is a 
contradiction, since o\ is an axis of /. Hence / is not a hyperbolic isometry. Thus 
/ is elliptic. 

We show that / is the identity. Let C[ = Min(/). Here C[ is the fixed point 
set of /. To show that / is the identity, we prove that C[ = C\. If C[ is a closed, 
convex, non-empty, Ti-invariant subspace of X, then C[ — C\ by the minimality 
of C\. Now Cj is a closed, convex, non-empty subset. Hence it is sufficient to show 
that C[ is Ti-invariant. Let 71 G Ti and let x G C[. Then f(x) = x. We show that 
71 a; € (7( (i.e. f{"fix) = 71a;). Since is Ti-invariant for each i = 1,2, 3, 

filix) =PiP3P 2 (lix) = PiPa(liP2(x)) = Pl(7lP3P2(x)) 
= ll(PlP3P2(x)) = Jif(x) = 71X. 

This means that -fix G C(. Hence C[ is Ti-invariant and Cj = C\, i.e., / is the 
identity. 

We fix X\ G M and let p : X' — > X\ be the orthogonal projection. Let X 2 
denote the metric space (AT, d), where d(C, C) = mi{d(x, x') \ x G C, x' G C'}. For 
each x G X', there exists a unique member C x G A/" such that x £ C x . Then by [3j 
p. 241], we obtain Claim 5: The map X' — > Xi x X2 given by £ n- (p(x),C K ) is a 
T-equivariant isometry. 

Here X\ is Fi-invariant and Ti acts geometrically on X\. Finally we show that 
T2 acts geometrically on X2 by j 2 C x = C l2X (i.e., L2 acts geometrically on X2 by 
projection). It is obvious that the action of T 2 on X 2 is cocompact and isometry. 
Suppose that the action of L 2 on X 2 is not proper. Then there exists a number 
K > such that 

{7 G L 2 I B(C XQ , K) n 1 B{C X0 ,K)jt$} 

= {7 e r 2 1 B(C X0 ,K) n b(c 1Xo ,K) f 0} 

is infinite. Let { 7i | i G N} = {7 G r 2 | -B(C Xo , JT) flB(C 11( ,if) ^ 0}, where 
7i ^ 7^ if i j. Since d(C Xo , C liX(j ) < 2K, there exists a point yo G C Xo such that 
d(yo,1iXo) < 2Jf by Claim 2. Now Ti acts cocompactly on C Xo (which is the closed 
convex hull of the orbit TiXo), and C Xo C TiB(xo, N) for some N > 0. There exists 
Si G Ti such that d(SiXo,yo) < N. Then 

d(5ia;o,7i2;o) < d(SiX , yo) + d(y , ^iXo) <N + 2K. 

Thus d(x , 5~ 1 jiXo) < N + 2K for any i G N. Here we note that 5^ lr )i ^ Ij if 
i j, because 5i,Sj G r l5 7^,7, G T 2 and 7$ 7^ 7,-. This means that the action of 
r = Li x T2 on X is not proper, which is a contradiction. Thus the action of F 2 
on X 2 is proper, hence, geometric. □ 

Remark 3.2. Wc suppose that a group r = Ti xT 2 acts geometrically on a CAT(O) 
space X and we suppose that T2 has finite center. Then [3j Lemma II. 6. 24] implies 
that Ti acts cocompactly on the convex hull C(ri2o) of some Ti-orbit, that is, the 
condition in Theorem 13. II holds. In this paper, we mainly use Theorem 13.11 under 
the condition that T 2 has finite center. 

From Theorem 13.11 and Lemma 12.41 we obtain the following splitting theorem. 
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Theorem 3.3. Suppose that a group T = T± x T2 acts geometrically on a CAT(O) 
space X . If r has finite center, then there exists a closed, convex, T -invariant, 
quasi-dense subspace X' C X such that X' splits as a product X\ x X2 and the 
action ofT — T± x T2 on X' = X\ x X2 is the product action. 

Proof. Suppose that T has finite center. Then the centers of Ti and T2 are finite. 
Let X' be a minimal closed convex non-empty T-invariant subspace of X (there 
exists such X' by Zorn's lemma). Then for each x £ X', the convex hull C(Tx) of 
the T-orbit Tx is X' by the minimality of X'. Let xo £ X' and let X\ — C(riXo). 
Since the action of Ti on X\ is cocompact by [HI Lemma II. 6. 24], X' splits as 
X\ x X2 by Theorem 13. 11 Then we show that X2 — C(T2Xq) and the action of F2 
on X\ is trivial. 

Let p : X' — > X\ be the projection. For each 7 £ T2 and x £ X±, we define 
7 * x — p(jx). Then "*" is an isometry action of T2 on X\. Here for each 71 G Y\, 
72 £ ^2 and x £ X\, 

7i(72 *x)= 7ip(7 2 2:) = p{li"f2x) 

= P{l2l\x) = 72 * [l\x). 

Hence 71(72 * x) = 72 * (712;). 

Now we show that the orbit T2 * xq is a bounded set. Suppose that T2 * xq is 
unbounded. Then there exists a sequence {gi * xq} C T2 * xo which converges to 
some point a £ dX\ in X\ U dX\. For each 5 £ T\, {S(gi * xo)} = {gi * (feo)} 
converges to a. On the other hand, {5(gi * xq)} converges to 5a. Hence 5a = a 
for any 5 £ Ti. This contradicts Lemma \2A\ since the center of Ti is finite. Thus 
T 2 * xq is a bounded set in X\. By [31 Corollary 11.2.8(1)], there exists a point 
yo £ X\ such that r2 * yo = Vo- Here we may retake the basepoint xq as 7/0 ■ Then 
X\ = C(ria;o) and X2 = C(T2Xq). By the construction of Xi x X2 in the proof of 
Theorem 13. 11 the action of T2 on X\ is trivial. □ 

A metric space Y is said to be of non-positive curvature, if Y is a locally CAT(O) 
space (cf. [3j p. 159]). Let Y be a compact geodesic space of non-positive curvature. 
Then the universal covering X of Y is a CAT(O) space by the Cartan-Hadamard 
theorem, and we can think of Y as the quotient T\X of X, where T is the funda- 
mental group of Y acting freely and properly by isometries on X (cf. [3J p.237]). 

As an application of Theorem 13. 31 we can obtain the following splitting theorem 
for compact geodesic spaces of non-positive curvature (i.e. locally CAT(O) spaces). 
This splitting theorem is relate to the splitting theorems in Theorem II. 6. 22], 

n\. m\ an.i nj]. 

Theorem 3.4. Let Y be a compact geodesic space of non-positive curvature (i.e. 
locally CAT(O)). Suppose that the fundamental group of Y splits as a product 
T = Y\ x T2 and that T has trivial center. Then there exists a deformation retract 
Y' of Y which splits as a product Yj x Y% such that the fundamental group of Yi is 
Ti for each i = 1,2. 

Proof. Let X be the universal covering of Y. Then A is a CAT(O) space, T acts 
freely and properly by isometries on X, and T\X = Y. Since T = T\ x T2 acts 
geometrically on X and T has finite center, by Theorem 13.31 there exists a closed, 
convex, T-invariant, quasi-dense subspace X' C X such that X' splits as a product 
X\ x A2 and the action of T = T\ x T2 on X' = X\ x A2 is the product action. 
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Let Y t = Ti\Xi for each i = 1, 2. Then 

Y = T\X D r\x' = (Ti x r 2 )\(Xi x X 2 ) 

= r 1 \x 1 x r 2 \x 2 = Yi x y 2 , 

and Tr^Yi = Ti for each z = 1.2, since acts freely and properly by isometries on 
A- 

We show that Y\ x Y" 2 is a deformation retract of Y. Since J' = Ji x X 2 is 
a quasi-dense subspace of X, there exists N > such that B(X' , TV) = X. For 
each i G [0, iV], let pt : X B(X',t) be the orthogonal projection. Then the map 
F : X x [0,N] ^ X defined by F(x, t) — p^^ t {x) is a deformation retraction of X' 
onto X. Since X' is T-invariant, B{X' ,t) is also T-invariant and the square 

X — Bpf'.t) 



X — B(X',t) 

is commutative for each f £ [0, iV] and 7 G T. Hence i 7, induces a deformation 
retract 

F' : Y\X x [0, N] -> T\X 
of T\X' = YixY 2 onto r\X = Y. □ 

4. A SPLITTING THEOREM FOR CAT(O) SPACES ON WHICH A PRODUCT GROUP 

ACTS GEOMETRICALLY 

In this section, we show a splitting theorem in the case a CAT(O) group has 
infinite center. 

We first define an essential subgroup of a group. 

Definition 4.1. Let L be a group and let G be a subgroup of L. In this paper, we 
say that G is an essential subgroup of T, if G is a finite-index subgroup of T which 
splits as a product T' x A, where L' has finite center and A is isomorphic to Z" for 
some n > 0. 

The following lemma is known. 

Lemma 4.2 ([9, Lemma 2.1]). If a group T\ x T 2 acts geometrically on some 
CAT(O) space X , then there exists an essential subgroup ofTi for each i = 1,2. 

The purpose of this section is to prove the following main splitting theorem. 

Theorem 4.3. Suppose that a group T = T± x T 2 acts geometrically on a CAT(O) 
space X. Then for essential subgroups G\ and G 2 of Tj and T 2 respectively, there 
exist closed convex subspaces Xi, X 2 , X[, X 2 in X such that 

(1) Xi x X 2 is a closed convex T\ x G 2 -invariant quasi-dense subspace of X, 

(2) X[ X X 2 is a closed convex G\ x T 2 -invariant quasi-dense subspace of X , 

(3) X[ and X' 2 are isometric to some quasi-dense subspaces of X\ and X 2 
respectively, 

(4) there exist geometric actions of T\ and T 2 on X\ and X 2 respectively, and 

(5) there exist geometric actions of G\ and G 2 on X[ and X 2 respectively. 
Hence the boundary dX of X is homeomorphic to the join dX\ * dX 2 of the bound- 
aries of X\ and X 2 . 
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We can obtain the following proposition from Theorems 12.21 and 13. 11 Remark 13.21 
and Lemma 14.21 by a similar argument to the proof of the splitting theorem in [5]. 
To prove Theorem 14. 3[ we investigate details of the argument. 

Proposition 4.4. Suppose that a group T = Ti xT 2 acts geometrically on a CAT(O) 
space X. Then for an essential subgroup G 2 ofT2, there exists a closed, convex, 
T± x Gi-invariant, quasi-dense subspace X' of X such that X' splits as a product 
X\ x X' 2 and there exist geometric actions ofY% and G2 on X\ and X' 2 respectively. 

We provide two remarks needed in the proof of Theorem 14.31 

Remark 4.5. Suppose that a group r = 1^ x T 2 x A acts geometrically on a 
CAT(O) space X, where the centers of Ti and T 2 are finite and A is isomorphic to 
Z n for some n. 

By Theorem 12. 21 Min(A) splits as a product Z xY which is a quasi-dense sub- 
space of X, where Z is isometric to M. n , A acts geometrically on Z by restriction 
and Ti x r 2 acts geometrically on Y by projection. Since Ti x r 2 has finite center, 
by Theorem 13.31 Y contains a quasi-dense subspace Y\ x Y2, where Ti and r 2 acts 
geometrically on Yi and Y 2 respectively by the restriction of the action of Ti x T 2 
on Y by projection. Here 

X D Z xY D Z xY ± xY 2 . 

We note that for the original action of T on X, A acts geometrically on Z by 
restriction and Ti acts geometrically on Yi by projection for each i = 1,2. 

On the other hand, since Ti x (T 2 x A) acts geometrically on X and Ti has 
finite center, by Theorem 13.11 and Remark 13.21 there exists a quasi-dense subspace 
X' of X which splits as a product Yi x X, where r 2 x A acts geometrically on X 
by restriction and Ti acts geometrically on Yi by projection. By Theorem 12.21 (or 
Theorem l3.ip . X contains a quasi-dense subspace i?x Y 2 , where A acts geometrically 
on Z by restriction and T 2 acts geometrically on Y 2 by projection. Here 

X D Yi x X D Yi x Z x Y 2 . 

Also, for the original action of V on X, A acts geometrically on Z by restriction 
and Ti acts geometrically on Yj by projection for each i — 1,2. 

Then we can identify Z — Z because Z and Z are the convex hulls of some orbits 
of A. By construction, Z x Y\ x Y 2 and Z X Y\ X Y2 are the unions of all subspaces 
which are parallel to Z = Z . Hence we obtain that Yi X Y% = Yi X Y2. Here r.; acts 
geometrically on Yi and Yj by projection for each % — 1,2. Hence Yi and Yj are the 
convex hulls C(Ti * Xq) of some orbits of r, by the projection action, and we can 
identify Yj = Yj for each i — 1,2. 

Remark 4.6. Suppose that a group A\ x A 2 x T acts geometrically on a CAT(O) 
space X, where Ai is isomorphic to % ni for some rij (i = 1,2) and T has finite 
center. 

By Theorem 12.21 Min(Ai x A2) is a quasi-dense subspace of X and splits as 
Z x Y, where A\ x A2 acts geometrically onZ~ R" 1 " 1 "" 2 by restriction and T acts 
geometrically on Y by projection. Here 

X D Min(Ai x A 2 ) = Z x Y. 

On the other hand, by Theorem 12.21 Min(Ai) is a quasi-dense subspace of X 
and splits as Z\ x X, where A\ acts geometrically on Z\ = R™ 1 by restriction and 
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A 2 x r acts geometrically on X by projection. Also by Theorem 12.21 X contains a 
quasi-dense subspace Mmx(^4 2 ) = Z 2 X Y, where there exist geometric actions of 
A 2 and r on Z 2 = R" 2 and Y, respectively. Here 

X D Min(Ai) = Z 1 xX 

D Zi x Min x (A 2 ) = Zt x Z 2 xY. 

Then by the inductive proof of Theorem l2.2l in [5] and [3J p. 245], we can identify 
Z = Zi x Z 2 and Y = Y. 

Here we note that Z — Z\ x Z 2 is the convex hull C{(A\ x A 2 )xq) of some orbit 
of A\ x A 2 and also we note that Z x Y = Z\ x Z 2 x Y is the union of all subspaces 
which are parallel to Z = Z\ x Z 2 and F acts geometrically on Y = Y by projection. 

Now we prove Theorem 14.31 

Proof of Theorem \4--3\ Suppose that a group r = Ti x T 2 acts geometrically on a 
CAT(O) space X. Let Gi = 1^ x A\ and G 2 = T 2 x A 2 be essential subgroups of 
Fi and Y 2 respectively, where has finite center and Ai is isomorphic to Z™ ; for 
some rii for each i = 1,2. 

Then x A\ x T 2 is a finite-index subgroup of T and acts geometrically on 
X. Since V 1 has finite center, by Theorem 13.11 and Remark 13.21 X contains a 
quasi-dense subspace Y[ x X 2 \ where acts geometrically on Y[ by projection 
and Ai x T 2 acts geometrically on by restriction. By Theorem 12.21 Y[ x X' 2 ' 
contains a quasi-dense subspace 

Y{ x Minjf»(^i) = Min r/xX »(^i) = Y{ x Z, x X 2 , 

where Ai acts geometrically on Z\ by restriction and T 2 acts geometrically on X 2 
by projection. Here we note that Y{ x Z\X X 2 is a closed convex Gi x T2-invariant 
quasi-dense subspace of X. 

Moreover G 2 = T' 2 x A 2 is a finite-index subgroup of Y 2 . Hence Y{ x Z\X X 2 
contains a quasi-dense subspace Miny^x^xXa^a) = Y[ x Z\X Z 2 x Y 2l where A 2 
and T' 2 act geometrically on Z 2 and i^' respectively. 

Thus 

X D Y[ x X£ D Min^x^'C^i) = x Z x x X 2 
D Min Y/xZlxX2 (A 2 ) = Y{ xZ 1 xZ 2 x F 2 '. 

Here we note that y/ x Zi x Z 2 x Y 2 is a closed convex Gi x G 2 -invariant quasi-dense 
subspace of X . 

Then we use Remark l4.6l Now A\ x T 2 acts geometrically on X 2 and A\ x A 2 x T' 2 
is a finite-index subgroup of A\ x T 2 . Hence Y/ x X 2 contains a quasi-dense subspace 

Min^xx,,^! x A 2 ) = Y{ x Mm xi ,(A 1 x A 2 ) = Y( x Y 2 ' x Z, 

where A\ x A 2 and T' 2 act geometrically on Z and Y 2 respectively. Then we can 
identify Z = Z x xZ 2 and Y 2 ' = Y 2 by Remark EH Thus 

X D Y{ x X 2 ' D Min^xx"^! x A 2 ) 

= Y[ x Min x »(Ai x A 2 ) = Y[x Y 2 xZ x xZ 2 . 

Next we use Remark 1431 Since A\ x A 2 x Y\ x T' 2 acts geometrically on X, by 
Theorem 12.21 X contains a quasi-dense subspace Min(^4i x A 2 ) = Z x Y' , where 
Ai x A 2 acts geometrically on Z by restriction and T[ x T' 2 acts geometrically on 
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Y' by projection. Since r[ x T' 2 has finite center, by Theorem 13. 31 Z x Y' contains 
a quasi-dense subspace Z X Y{ x F 2 , where acts geometrically on F/ for each 
i = 1, 2. Then we can identify Z = Z, Y[ = Y{ and F 2 ' = F 2 ' by Remark|4~5] Thus 

X D Min(Ai xi 2 ) = Zxf 

D Z xY[ xY£ = Z x Y[ x F 2 ' 

= Zi x Z 2 x Y - / x F 2 ', 

since Z = Z\ x Z 2 and F 2 = F 2 . Hence we obtain that 

X D Min(Ai x A 2 ) D Zi x Z 2 x F/ x F 2 ' (i). 

On the other hand, Fi x A 2 x T' 2 is also a finite-index subgroup of T and acts 
geometrically on X. Since T 2 has finite center, by Theorem 13. f I and Remark 13.21 
X contains a quasi-dense subspace X" x F 2 , where Ti x A 2 acts geometrically on 
X" by restriction and T' 2 acts geometrically on F 2 by projection. By Theorem l2.2[ 
X" x Y^' contains a quasi-dense subspace Min x „ xy , (A 2 ) — X^x Z 2 x F 2 , where Ti 

and A 2 act geometrically on Xi and Z 2 respectively. Here we note that XixZ^x F 2 
is a closed convex T± x G 2 -invariant quasi-dense subspace of X. 

Moreover G\ = T[ x A\ is a finite-index subgroup of Ti. Hence X\ x Z 2 x F 2 
contains a quasi-dense subspace Min Xi x ^ 2 x y/ ( Ai ) = Y[ x Z\ x Z 2 x F 2 . Thus 

iDlfx F 2 ' D Min x; , xy2 ,(A 2 ) = Xi x Z 2 x F 2 ' 

3 Min^^y^) - F/ xZ lX Z 2 x F 2 '. 

By the same argument as the above one, we obtain that 

X D Min(Ai x A 2 ) D Zi x Z 2 x F/ x F 2 ' (ii). 

Since Z\ x Z 2 in (i) and Z-y x Z 2 in (ii) are the convex hulls of some A\ x ^4 2 -orbits 
in X, we can identify Z\ x Z 2 = Z\ x Z 2 . Here Zj and Z are isometric to E' li for 
each i = 1 , 2 by construction. Also Z\ x Z 2 x F/ x F 2 in (i) and Z\ x Z 2 x F/ x F 2 
in (ii) are the unions of all subspaces which are parallel to Z\ x Z 2 = Z\ x Z 2 in 
X, hence, we can identify Y[ x F 2 = Y[ x F 2 . Moreover we obtain that F/ = F/ for 
each i = 1,2, because F/ and F/ are the convex hulls of the orbits of the action of 
r' 4 on Y{ x F 2 = Y{ x Y 2 ' by projection. 

Let X[ = Y{ x Zi and X' 2 = % x Z 2 . Then 

X[ x X 2 = Y{ xZ x xX 2 

is a closed convex G\ x T 2 -invariant quasi-dense subspace of X, and 

^xl^lix^x F 2 

is a closed convex Ti x G 2 -invariant quasi-dense subspace of X. Also X[ = Y[ x Z\ 
is isometric to Y[ x Z\ which is a quasi-dense subspace of X\ , and A 2 = F 2 x Z 2 
is isometric to F 2 x Z 2 which is a quasi-dense subspace of X 2 . By construction, 
Ti acts geometrically on Xi by projection for each i = 1,2. Also we can obtain a 
geometric action of Gi = x Aj on X- by the product of the geometric action of 

on F/ = Y! and the geometric action of Ai on Zj = Zj = 1™' for each i = 1,2. 

Here we obtain that the boundary dXi is homeomorphic to dX[ for each i = 1,2, 
and 

dX = d(X[ x Xi) = dX[ * dX 2 « dX x * dX 2 . 
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Therefore the boundary dX of X is homeomorphic to the join dXi * 8X2 of the 
boundaries of X\ and X2. □ 



A CAT(O) space X is said to have the geodesic extension property, if every 
geodesic can be extended to a geodesic line R — > X. 

We obtain the following splitting theorem for CAT(O) spaces with the geodesic 
extension property from [3i Lemma II. 6. 20] and the argument in the proof of The- 
orem @T3] 

Theorem 4.7. Suppose that a group Y = I\ x Y2 acts geometrically on a CAT(O) 
space X with the geodesic extension property. Then X splits as a product X\ x 
X2 and there exist geometric actions of Y± and Y2 on X\ and X2, respectively. 
Moreover ifY has finite center, then the action ofT — Yi x Y2 on X = X\ x X2 is 
the product action. 

Proof. Suppose that a group r = Yi x T 2 acts geometrically on a CAT(O) space 
X with the geodesic extension property. Then by [31 Lemma II. 6. 20], in the proof 
of Theorem 14.31 we obtain that X = X[ x X 2 where X[ = Y{ x Z\ , and X = 
X x xX' 2 = Y{ xZ x xX' 2 where X' 2 = Y 2 ' x Z 2 and X x = Y{ x Z\. Here we note that 
X\ = Y[ x Z\ is isometric to X[ — Y{ x Z\, Hence there exists a geometric action 
of Ti on I[. Therefore X splits as a product X[ x X2 and there exist geometric 
actions of T± and T2 on X[ and X2, respectively. 

If r has finite center, then we obtain that the action splits from Theorem 13.31 
and [31 Lemma II.6.20]. □ 

5. On products of CAT(O) groups 

A group r is called a CAT(O) group, if V acts geometrically on some CAT(O) 
space X . A CAT(O) group Y is said to be rigid, if Y determines the boundary up 
to homeomorphisms of a CAT(O) space on which Y acts geometrically. It is known 
that there exists a non-rigid CAT(O) group ([5]). 

On products of CAT(O) groups, we obtain the following theorem from Theo- 
rem |L3l 

Theorem 5.1. Y x and Y 2 are CAT(O) groups if and only ifY x xY 2 is a CAT(O) 
group. 

Proof. It is well known that if Ti and Y2 are CAT(O) groups then Ti x Y2 is also a 
CAT(O) group. Indeed if Ti and Y 2 act geometrically on some CAT(O) spaces X\ 
and X2 respectively, then we can obtain the product geometric action of Ti x Y2 
on the CAT(O) space X x x X 2 . 

Conversely, if Ti x Y2 is a CAT(O) group, then Ti x Y2 acts geometrically on some 
CAT(O) space X and by Theorem [O] (4), we obtain that Ti and Y 2 are CAT(O) 
groups, because X\ and X2 in Theorem 14.31 are CAT(O) spaces. □ 

On rigidity of products of rigid CAT(O) groups, we also obtain the following 
theorem from Theorem 14.31 

Theorem 5.2. IfY\ and Y2 are rigid CAT(O) groups, then so is Y\ x Y2, and the 
boundary d(Y\ x Y2) is homeomorphic to the join dYi * dY2 of the boundaries of 
Yi and Y2- 
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Proof. Let Ti and T2 be rigid CAT(O) groups. Suppose that Ti x T2 acts geo- 
metrically on a CAT(O) space X. Then by Theorem 14.31 there exist closed convex 
subspaces X\ and X2 in X such that the boundary dX is homeomorphic to the join 
8X1*8X2 and Ti and Y2 act geometrically on X\ and X2 respectively. Thus Ti x T2 
is a rigid CAT(O) group whose boundary is homeomorphic to the join 8Y\ * CT2 of 
the boundaries of Li and IV □ 
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